We study the interaction of a gravitational wave (GW) with a plasma that is strongly magnetized. The GW is considered a small disturbance, and the plasma is modeled by the general relativistic analogue of the induction equation of ideal MHD and the single fluid equations. The equations are specified to two different cases, first to Cartesian coordinates and a constant background magnetic fields, and second to spherical coordinates together with a background magnetic field that decays with the inverse radial distance. The equations are derived without neglecting any of the nonlinear interaction terms, and the nonlinear equations are integrated numerically. We find that for strong magnetic fields of the order of 10 15 G the GW excites electromagnetic plasma waves very close to the magnetosonic mode. The magnetic and electric field oscillations have very high amplitude, and a large amount of energy is absorbed from the GW by the electromagnetic oscillations, of the order of 10 23 erg=cm 3 in the case presented here, which, when assuming a relatively small volume in a star's magnetosphere as an interaction region, can yield a total energy of at least 10 41 erg and may be up to 10 43 erg. The absorbed energy is proportional to B 2 0 , with B 0 the background magnetic field. The energizing of the plasma takes place on fast time scales of the order of milliseconds. Our results imply that the GW-plasma interaction is an efficient and important mechanism in magnetar atmospheres, most prominently close to the star, and, under very favorable conditions though, it might even be the primary energizing mechanism behind giant flares.
I. INTRODUCTION
Gravitational waves (GW) can carry a large amount of energy near the sources where they are generated (e.g. [1] ). They tend not to interact much with matter under normal conditions; it has been shown though in a number of articles (e.g. [2 -10] ) that GWs excite various kinds of plasma waves, the more efficient, the stronger the background magnetic field is and the more tenuous the plasma is. Most of these studies are analytical and the equations describing the GW-plasma interaction were linearized, only Ref. [4] made an analytical study of a nonlinear model, Refs. [2, 5] took some second order effects into account, and Ref. [11] performed a numerical study. The GW-plasma interaction is a totally nonlinear effect, and there is so far no conclusive answer to the question of how much energy can be absorbed by a plasma from a GW.
Here, we study the GW-plasma interaction in its full nonlinearity, solving the nonlinear system of equations numerically. Our main interest is in the amount of energy absorbed by the plasma from the GW and in the kind of plasma waves excited by the GW, and we focus on the case of very strong magnetic fields of the order of 10 15 G. Our results show that the interaction of gravitational waves with plasmas is very efficient in transferring energy from the GW to the plasma if the magnetic field is very strong, of the order of 10 15 G. Magnetic fields of this strength are known to be realized at the surface of magnetars, which are strongly magnetized neutron stars (see e.g. [12] ) that at the same time appear as soft gamma ray repeaters (SGR). We will address the question whether the GW-plasma interaction might be the primary mechanism behind giant flares on magnetars (highly energetic outbursts in the stars' magnetospheres; see e.g. [13] ). We will also discuss whether the GW-plasma interaction can provide the energies observed in short gamma ray bursts (GRB; see e.g. [14] ), so that short GRBs could be interpreted as giant flares on magnetars that carry even more energy than the giant flares observed so far. A related model of short GRBs as giant flares on magnetars is discussed e.g. in [15] [16] [17] ), where the giant flares are caused though by a catastrophic reconfiguration of the stellar magnetic field, and not by the GW-plasma interaction as we will discuss it here. The origin of short GRBs is far less established than that of the long GRBs. The energy released in short GRBs is currently estimated to be at least 10 48 erg [16] ; the uncertainty is mainly due to the problem of associating short GRBs with physical objects. The duration of short GRBs is less than 2 seconds. Giant flares have similar durations and release energies in the range 10 44 to 10 46 erg (e.g. [13] ). In Sec. II, we introduce the basic equations and specify the one-dimensional model. A linear analysis of the equations is given in Sec. III. In Sec. IV, the results from the numerical solution of the nonlinear equations are presented, for the case of a constant background magnetic field. In Sec. V, we transform the system of equations to spherical coordinates, and we solve them along the radial direction, for the case of a background magnetic field that decays with the inverse distance from the central star.
Section VI discusses the application of our findings to magnetar atmospheres, and Sec. VII contains the conclusions.
II. BASIC EQUATIONS
The GW is considered as a small amplitude perturbation of the otherwise flat spacetime, and we assume it to be + polarized and to propagate along the z-direction, so that the metric has the form g ab diagÿ1; 1 h; 1 ÿ h; 1;
with hz; t 1 the amplitude of the GW [18] . Our aim is to express the final equations in terms of the potentially observable quantities (electric fieldẼ, magnetic fieldB, 3-velocityṼ of the fluid, and rest-mass density ), which can either be defined in a local inertial frame (LIF) or in an orthonormal (ON) frame (ONF) [18] . Here, we use the ONF, because it is a global frame, and it can be shown that the ONF in our case is locally equivalent to a LIF when applying the particular coordinate transformation given in [19] . Indices of quantities in the ONF carry a hat in the following. The transformation from and to the ONF is given by the transformation matrix
and its inverse eâ b . Here, eâ are the ON basis vectors, and eâ b are their coordinates in the coordinate base. The metric in the ONF is of flat spacetime form, âb diagÿ1; 1; 1; 1. In the ONF, 4-vectors and tensors take the same form as in flat spacetime, the effects of curvature appear only through the covariant derivatives.
The covariant derivatives in the ONF are denoted by '';'' and defined as, e.g. in the case of a 4-vector u a ,
where '','' denotes partial derivatives, and where the âbĉ : eb i ;k eâ i eĉ k (4) are the Ricci rotation coefficients [19] . For the metric g ab and our choice of ON base vectors, the Ricci rotation coefficients found to be nonzero are
ŷ^tŷ ÿ 1 2c
We assume an ideal conducting fluid, so that the electric field is given by the ideal Ohm's law, 0 Fâbub=c; (13) which in the ONF takes the usual form,
with 1= 1 ÿṼ 2 =c 2 q , uâ the 4-velocity, uâ c; V x ; V y ; V z , and c the speed of light, and Fâb Faraday's field tensor,
The evolution of the magnetic field is determined by the Maxwell's equation [19] Fâb ;ĉ Fbĉ ;â Fĉâ ;b 0:
The electromagnetic (EM) energy momentum tensor is defined as
and for the fluid, we have the energy momentum tensor
where H is the enthalpy and p the pressure [19] . We assume an ideal and adiabatic fluid, so that
with ÿ the adiabatic index. The total energy momentum tensor Tâb Tâb fl Tâb EM yields the momentum and energy equations [19] Tâb ;b 0:
Continuity is expressed by
The evolution of the GW is determined by the linearized Einstein equation, where we take the backreaction of the plasma onto the GW into account:
where T xx , T yy are the nonbackground, fluctuating parts of the components T xx , T yy of the total energy momentum tensor, and G is the gravitational constant [18] . To close the system of equations, we assume an adiabatic and isentropic equation of state,
The constant K is determined by assuming an ideal gas law for the constant background density 0 , i.e. p 0 0 k B =mT 0 , so that, on combining with Eq. 
A. The model
We focus on the excitation of MHD modes which propagate in the z-direction, parallel to the propagation direction of the GW and perpendicular to the background magnetic fieldB 0 B 0 ex. We let consequentlyB k ex,Ẽ k eŷ, and V k e^z, and all variables depend spatially only on z (note that B x in the following is the total magnetic field-it includes B 0 ). In specifying the general equations to this particular geometry, (i) we express all 4-vector and tensor components through the potentially observable B x , V z , and ; (ii) we expand the covariant derivatives; (iii) we keep all nonlinear terms, no approximations are thus made (except for the linearized Einstein equation). In this way, we are led to a system of nonlinear, coupled, partial differential equations in a spatially 1D geometry: With the electric field E y from Ohm's law [Eq. (14) ],
Faraday's equation [Eq. (16) ] is fully expanded to
Expansion of the z-component of the momentum equation [Eq. (20) ] yields
where we defined the new momentum variable q^z as
The continuity equation [Eq. (21) ] takes the form
with the new density variable D : . The GW evolves according to
[see Eq. (22) 
To recover, , p, H, and V z from the explicitly evolving variables q^z, D, and B y , we solve the definition of q^z for V z and insert it into a reformulated definition of, which yields
where in the enthalpy H we replace by D=. Equation (33) is a nonlinear equation for, which we solve numerically. Once is recovered, all the other primary variables follow in a straightforward way.
III. LINEAR ANALYSIS
Assuming perturbations of the form expÿi!t ik z z, we linearize the one-dimensional momentum equation (26) , and, on inserting the expressions for h, H, B x , E y , , P as determined from the linearization of the Eqs. (19) , (23)- (25) 
The oscillation frequency of the coupled GW-plasma system is given in terms of known characteristic frequencies.
In the limit of interest here, i.e. close to resonance where B 0 is so large that the relativistic Alfvén speed is almost equal to the speed of light, u A c, so that as a consequence ! gw ' ! ms ! s , g, Eq. (36) can be simplified to
It is obvious that only the lower sign of Eq. (37) is physically meaningful. Even in the case of resonance, there exists a small frequency shift [the second term on the right-hand side of Eq. (37)], which depends on the magnetic field strength, and which can be attributed to the coupling terms in the GW-plasma system.
A. The nature of the GW plasma interaction
It is convenient to explain the nature of the GW-plasma interaction in the frame of the linearized equations. 
The linearized momentum q^z ;1 [Eq. (27) ] is related to the velocity as
where we have again neglected the pressure. In a tenuous and strongly magnetized plasma, the matter energy density is much smaller than the magnetic energy density, so that q^z ;1 
The continuity equation (28) contains no first order GW coupling term. Both the magnetic field equation (38) and the momentum equation (41) contain a GW coupling term proportional to the GW amplitude. Since these coupling terms are also proportional to B 0 or B 2 0 , respectively, it is evident that the GW-plasma coupling is the more effective, the stronger the background magnetic field B 0 is, with an upper limit for the efficiency that can be given only through a nonlinear feedback mechanism.
The GW-plasma interaction can then be described as follows: The induction equation, Eq. (38), shows that the GW tries to modulate the magnetic field periodically; it actually continuously compresses and relaxes the magnetic field through the term x g. The GW-plasma interaction and its efficiency are thus not mediated through matter, as it would be if electric currents would be excited by the GW, but they are due to the primary and direct coupling of the GW to the magnetic field, by adding a gravitational electromotive force to Faraday's equation. The excitation of fluid oscillations is a secondary effect, caused by magnetic pressure fluctuations, which in turn gives rise to electric field fluctuations according to Ohm's law. Also a secondary effect is the appearance of currents, which in the ideal MHD approach are due to magnetic field inhomogeneities,J c 4 r B. We just note that the GW is not able to directly generate currents through charge separation, since it is insensitive to the sign of charges.
IV. NUMERICAL SOLUTION
We solve the GW-plasma system of equations applying a pseudospectral method that is based on Chebyshev polynomials (see e.g. [21] ). The basic principle is that all the spatially dependent variables are expanded in terms of Chebyshev polynomials, which allows one to calculate the spatial derivatives, so that the original partial differential equations turn into a set of coupled, nonlinear ordinary differential equations. Time stepping is then done with the method of lines, using a fourth order Runge-Kutta method with adaptive step-size control, which allows one to prescribe an internal relative precision and to increase or decrease the internal time step, depending on how well or bad the precision criterion is fulfilled.
The one-dimensional grid along the z-direction consists of 256 grid points and corresponds to a physical domain along the z-axis of length L 5:410 7 cm, if not stated otherwise. The sampling time step t is set to t T gw =14, with T gw 1=f gw and f gw the GW frequency.
A. Parameters, initial and boundary conditions
We assume a background magnetic field B 0 of 10 15 G, a background density 0 10 ÿ14 g cm ÿ3 , and an adiabatic index ÿ 4=3. The initial conditions are B x z; 0 B 0 , V z z; 0 0, z; 0 0 , and hz; 0 0. The GW has as boundary condition at the left end z L of the box hz L ; t h 0 t cosk gw z L ÿ ! gw t, so that a monochromatic plane wave is entering the box. The amplitude h 0 rises within roughly 1 ms from 0 to 10 ÿ4 , at which value it stays constant for about 3 ms (in most applications presented), where after it decays to 0 again.
At the right edge z R of the box, we apply nonreflecting boundary conditions to hz R ; t (based on the analysis of characteristic modes for hyperbolic systems). B x , V z , and have free outflow boundary conditions at both edges of the box, where in a thin layer at the boundaries the actual equations gradually are changed to one-way wave equations that allow only outgoing waves (the use of nonreflecting boundaries in the case of B x , V z , and basically yielded the same numerical results, at the expense of computing time, though).
The GW frequency is set to f gw 5 kHz, and the GW dispersion relation is of the form 2f gw ! gw k gw c, with k gw the wave number of the GW.
B. Numerical results
The total mean energy density pl in the plasma at a given time t is numerically determined as
with L the size of the system-note that we subtract the constant background magnetic field B 0 in order to take into account only the energy that is in the wave motion. Figure 1 shows pl t and the mean energy density gw t of the GW as a function of time, where
with ht the mean instantaneous amplitude of the GW oscillation, defined as the root mean square average over the entire simulation box [18] , ht
In all applications, the box length L is such that the simulation box contains several wavelengths of the GW (nine for the standard value of L), which accounts for the fact that the GW energy density cannot be defined locally (e.g. [18, 19] ). Moreover, we note that the concept of gravitational energy is only well defined for asymptotically flat spaces ( [19] ), so that the GW energy calculated here is an approximate, but also usual estimate for the case of a weak GW with a short wavelength compared to the system size (e.g. [18, 19] In Fig. 1 then and at maximum GW amplitude, the energy density of the GW amounts to gw 1:3 10 27 erg=cm 3 . Once the GW enters the system, the plasma starts to absorb energy from the GW, and in roughly 2 ms, slightly delayed in the beginning but finally in parallel with the GW reaching its maximum energy, the absorption has reached its maximum, the energy density in the plasma is roughly 10 23 erg=cm 3 . The absorbed energy is a fraction 10 ÿ4 of the GW energy density, so that the backreaction onto the GW is not yet important. When the GW leaves the system, the energy in the plasma decays almost together with the GW amplitude, i.e. the excited waves propagate out of the simulation box.
The GW excites wave motions in the plasma that travel with the GW and whose amplitudes increase linearly towards the out-flowing edge of the box. Maximum amplitudes attained are 3 10 12 statvolt=cm (9 10 16 V=m) for the electric field, 3 10 12 G for the oscillating magnetic field, roughly 3 orders of magnitude less than B 0 , and finally the fluid velocity oscillations have a maximum amplitude 8 10 7 cm= sec. The fluid motions thus remain nonrelativistic, so that our nonrelativistic estimate of the kinetic energy is justified.
The waves excited in E y , B x , and V z have wave number k z and frequency ! that cannot be distinguished from k gw and ! gw within the numerical precision of the simulation, see Fig. 2 . In particular, we do not find any harmonics to be excited. The relativistic Alfvén speed u ÿ24 ] so that the excited plasma modes are indistinguishable from magnetosonic modes.
C. Discussion
The numerical results show that, for strong magnetic fields, a large amount of energy is absorbed by the plasma from the GW on a short time scale, which is of the order of 10 GW periods, i.e. in the millisecond range.
In a parametric study, we found that the energy absorbed by the plasma is proportional to B 2 0 (see Fig. 3 ) and to h 2 0 . Varying 0 in the range 10 ÿ20 g=cm 3 0 10 5 g=cm 3 , it turned out that the absorbed energy is independent of the value of the matter density 0 , see Fig. 4 ; the kinetic energy is actually negligible compared to the electromagnetic energy (this is in accordance with the fact that the background matter rest-energy density is much smaller than the background magnetic energy density in the entire range of values 0 investigated). The absorbed energy density is furthermore proportional to ! 2 gw , as we verified by varying the frequency in the kHz range (from 1 to 10 kHz). It also seems that the time for the plasma needed to reach the maximum level of energy absorption is related to the time needed for the GW to cross the box, L=c, which equals 0.002 sec for the case considered here. The maximum amplitudes of the excited oscillations are proportional to the box length L, as explained above. This implies that the amount of energy density absorbed is proportional to the squared box length, L 2 , with the physical meaning of L to be the length along the propagation direction of the GW where the GW meets a constant magnetic field. We additionally verified this scaling behavior with numerical simulations in which the box length L was varied. The absorbed energy is thus proportional to L 3 and to the effective area A eff through which the GW is incident on the plasma, where A eff : V=L, with V the volume in which the interaction takes place. We can summarize our numerical findings for the total energy E pl absorbed by the plasma as follows, noting that in the case presented here the absorbed energy through an effec- 
and E pl is independent of 0 .
V. SPHERICAL COORDINATES: DECAYING MAGNETIC FIELD
In applications to spatially extended astrophysical systems, the constancy of the background magnetic field is a strong idealization. Since our scope is to elucidate the response of the plasma to a passing GW, the initial plasma state should be a natural state of the plasma, preferably an MHD equilibrium. In 1D Cartesian systems, nonconstant magnetic fields lead to unstable plasma states, the initial difference in magnetic pressure along the z-direction gives rise to immediate and violent plasma dynamics that aim at flattening the gradient in the magnetic field. Trying to compensate the gradient in magnetic pressure with the plasma pressure, we find, first, that the plasma pressure would have to take unphysically high values, and, second, such setups are still numerically unstable.
We thus proceed in this section to transform the system of equations to spherical coordinates, which will allow one to have decaying magnetic fields as equilibrium initial states for the plasma. The GW is assumed to travel radially outwards, so that in the TT (transverse traceless) gauge and in a flat orthonormal spherical frame ct;r;;' the distortion to the flat ONF metric caused by the GW is of the form h diag0; 0; hr; t; ÿhr; t, assuming again a + polarized GW traveling in ther direction and oscillating in the perpendicular,-' plane (see [22] ; Greek indices in the following refer to the spherical coordinate or ON frame). In the spherical coordinate base ct; r; ; ', the metric then takes the form ' , and V r , see below), are identical in the two kinds of treatment.
The plasma evolution is determined by Faraday's equation, the momentum equation, and the continuity equation, which are formally equivalent to Eqs. (16) , (20) , and (21), respectively, just with the indicesâ,b,ĉ replaced by,, .
The model is specified completely analogously to the Cartesian case. We focus on MHD modes that propagate along the radial direction; the magnetic field is assumed to be perpendicular to the propagation direction,B sph k, as well as the electric field,Ẽ sph k', whereasṼ sph kr. The nonzero plasma variables are thus B , E ' , and V r , and they all spatially depend only on r.
To derive the final equations, we again explicitly expand the covariant derivatives, keeping all nonlinearities, and expressing all components in terms of the observable variables B , E ' , and V r . The final equations are found to be formally equivalent to the Cartesian case, in particular, the gravitational coupling terms remain the same, only the partial derivatives are corrected in the way usual for flat spherical coordinates. The reason is that the geometrical setup used is completely equivalent to the one in the Cartesian case, and, of course, the use of spherical coordinates leaves the curvature of spacetime unchanged. After all, the electric field is given from the adjusted Eq. (14) To determine the GW evolution equation in spherical coordinates, we write the Laplacian in Eq. (22) in its usual spherical form, assuming h to be spatially dependent only on r, which yields
We have omitted the backreaction of the plasma here, since the results in Cartesian coordinates, for which more energy is expected to be absorbed than for the case of decaying background magnetic fields, showed that the backreaction is not important for the range of background magnetic 
The numerical implementation is basically identical to the Cartesian case, including the treatment of the boundaries, just the extra terms of the equations have to be added, and, in the case we use free outflow boundaries, the oneway wave equation has to be replaced by its spherical analogue. The equations are solved in the radial interval r in ; r in L, with inner boundary r in and radial length L.
A. Numerical results
We assume the background magnetic field to decay spatially as B 0 r B 0 r in =r, so that B 0 is the magnetic field at the inner edge r in . This falloff corresponds to a natural steady state in spherical coordinates, as can be seen when inserting B 0 r into Eq. (50) (assuming no GW to be present, h 0). Similarly, we set the background density to 0 r 0 r in =r 2 , since if there were an outflow with constant velocity, this density falloff forms a stationary state according to Eq. (52). Finally, from Eq. (51), it is obvious that the momentum is in a stationary state if V r 0, and we consequently choose the initial condition V r r; t 0 0. The initial conditions for the magnetic field are B r; t 0 B 0 r, and for the density we choose r; t 0 0 r. In the numerical studies following below, the standard parameter values are B 0 10 15 Gauss, 0 10 ÿ14 g=cm 3 , and r in 5 10 6 cm. The gravitational wave is again harmonically driven at the inner edge r in of the simulation box, hr in ; t h 0 r in ; t cosk gw r in ÿ ! gw t, where the amplitude h 0 r in ; t rises within roughly 1 ms from 0 to h 0 , at which value it stays constant, as in the Cartesian case, and we let h 0 10 ÿ4 . Our main concern is the energy absorbed by the plasma. We thus repeat the parametric study of Sec. IV C for the case of the spatially decaying background magnetic field, varying one parameter at a time and keeping the others fixed. We find again that the energy density pl absorbed by the plasma scales as
and that it is independent of the background density, roughly for the same range as shown in Sec. IV C. What changes though is the scaling with the box length L, and moreover the energy density depends on the distance r in from the star at which the inner edge of the simulation box is located. As shown in Fig. 5 (top) , the scaling with L is of approximate power-law form only for large L. The scaling with r in (Fig. 6, top) , on the other hand, is of rough powerlaw form in the entire investigated range. On determining the power-law indices, the energy density is found to exhibit the approximate scaling
for L large. In order to get an estimate of the energy absorbed by the plasma, we have to assume a specific geometry for the plasma volume. In view of the scenario of a star with a dipole magnetic field that emits GWs, we focus on the region near the equatorial plane where the GW propagation direction and the magnetic field are perpendicular. We thus consider the plasma in the conical volume of radial size L between the inner and outer radii r in and r out r in L, respectively (with r the distance from the star), which is limited to within the poloidal opening angle and the toroidal range ', as illustrated by the sketch in Fig. 7 . The plasma volume is given as
and the total plasma energy E pl in this volume is determined as E pl pl Vr in ; L. In the numerical estimates, we assume ' 180 and 10 . The scaling of E pl with both, L (Fig. 5, bottom) , and r in (Fig. 6, bottom) , respectively, is of clear power-law form,
In summary then, for the specific plasma volume assumed and on determining the numerical factors, the energy absorbed by the plasma is given by the relation 
and E pl is independent of 0 . Note that in the corresponding Eq. (45) for constant background magnetic field, no assumption on the shape of the volume was made, so that the effective area A eff appears in Eq. (45).
VII. ASTROPHYSICAL APPLICATION AND DISCUSSION
Noteworthy, both equations for the energy, Eq. (45) for constant and Eq. (61) for decaying magnetic field, dimensionally scale with length l as l 5 . In Eq. (61), this is immediately obvious from the factor r 2:7 in L 2:3 , and in Eq. (45) the factor L 3 A eff obviously has dimensions l 5 . Equations (45) and (61) are phenomenological equations that summarize the numerical results, and as such we could replace f 2 gw by either k 2 gw or 1= 2 , using the GW dispersion relation and adjusting of course the numerical factors in the denominator. Remarkably then, Eqs. (45) and (61) would have correct physical units of energy, namely, volume (l 3 ) times energy density (the units of B 2 0 ), and the remaining factor of l 2 cancels the units of k 2 gw . Our results imply that the interaction of a GW with a plasma is an efficient mechanism for the energizing of the atmospheres of strongly magnetized stars, most prominently of the atmospheres of magnetars. In the following, we will give an estimate of the mechanism's efficiency.
GWs are expected to be emitted by magnetars, as by usual neutron stars, when they undergo some deformation. There are two distinct kinds of GW emission to be expected, continuous emission as the result of a long lasting deformation of the star, and bursty emission caused by isolated, catastrophic, short duration events (see e.g. [23] for a discussion). Continuous emission allows much weaker GW signals to be detected at the Earth than bursty emission, since the signal can be integrated over an extended observation period. The continuous emission of a compact star typically has a frequency closely related to the spin frequency of the star (e.g. [1] ), which for the known magnetars is of the order of several 10 ÿ1 Hz (e.g. [16, 24] ). According to both Eqs. (45) and (61), the energy absorption is not very efficient at such low frequencies, so that we do not consider continuous emission here.
Bursty GW emission of magnetars, on the other hand, can be the result of the rearrangement of the strong internal magnetic field (e.g. [25] ), or a consequence of crustal cracking (starquake, e.g. [26, 27] ), caused by stresses exerted on the crust by the strong internal magnetic field. These events have short duration, typically less than a second or even of the order of a few milliseconds (e.g. [23] ), and the GW frequency is estimated to lie in the kHz range (e.g. [26] ). The GW amplitude near the star is estimated to be of the order 10 ÿ5 to 10 ÿ4 (e.g. [25] ). For magnetars relatively near to the Earth, the GW signal could in principle be detected; the events are isolated though and have a poor event rate of roughly 10 ÿ1 events=year, according to [25] (the nearest magnetar known to date is estimated to be at roughly 10 kpc from the Earth, see e.g. [24] ).
The magnetic field of neutron stars is poloidal within the light cylinder, so that, near the equatorial plane, a GW generated by the magnetar and traveling radially outwards propagates perpendicular to the magnetic field, as in the presented simulations. Fig. 7 , and which is characterized by the inner edge at r in and its radial length L. For the numerical estimates, we set B ? 10 16 G, h ? 10 ÿ4 with GW frequency f gw 2 kHz, r ? 10 km, 10 , and, to take possible anisotropic GW emission into account, ' 180 .
A. Energy estimate with constant magnetic field
In the first energy estimate, we use the results from the case of constant background magnetic field, Eq. (45), i.e. we assume the magnetic field and the GW amplitude to be constant over the length L of the interaction volume. Since, according to Eq. fast with distance, it roughly is proportional to 1=r 5:7 in , so that at r in 5r ? , the energy has fallen to E pl 4 10 38 erg for e.g. L 500 km. Extrapolating our results to regions closer to the star, we find at r in 2r ? and again for L 500 km a plasma energy E pl 9 10 40 erg (E pl 7 10 41 erg for L 1000 km), which is roughly two to three orders of magnitude less than the energy released in giant flares on magnetars (e.g. [13, 15, 16] ). Even closer to the star, at r in r ? , the energy is of the order of E pl 5 10 42 erg (E pl 4 10 43 erg for L 1000 km), approaching marginally the energy observed in giant flares, but still one order of magnitude smaller. The energy determined for r in r ? is not a completely justified extrapolation, since for consistency with our numerical results, we have to consider the plasma a few stellar radii away from the magnetar, where the background spacetime can be considered flat, we nevertheless can consider the estimate indicative of the actual energy absorbed. For different values of B ? and h ? , the energy values given here scale according to Eq. (45) in a straightforward way.
For L 500 km, the plasma volume is 2 10 7 km 3 for r in r ? and increases to 4 10 7 km 3 for r in 10r ? , which corresponds to effective areas of A eff 5 10 4 km 2 and A eff 8 10 4 km 2 , respectively. The involved volumes and areas are thus relatively small.
B. Energy estimate with decaying magnetic field
The second estimate of the absorbed energy is done using the results from the case of decaying background magnetic field, Eq. (61). Outside the interaction volume, the magnetic field and the GW amplitude are given by B dip 0 r and h gw 0 r, respectively. Inside the interaction volume, the magnetic field is assumed to decay as 1=r, B 0 r B 0 r in =r, and we set B 0 B dip 0 r in . The magnetic field has thus a realistic decay up to r in and a realistic field strength at r in ; in the interaction volume it does not decay though fast enough. The GW amplitude, as solution of the spherical wave equation, exhibits a realistic ( / 1=r) falloff also within the interaction region.
The absorbed energy as a function of r in is shown in Fig. 8 (bottom) for different values of L. It falls off as 1=r 5:3 in , i.e. less steep than in the case of constant background magnetic field. For the same interaction lengths L as in the case of constant background magnetic field, the energy at r in 5r ? is found to be roughly 30% (or, at r in r ? , one-fourth) of that found in the energy estimate based on constant background magnetic field. In the region of interest relatively close to the star, this second energy estimate yields thus slightly less energy than the first one.
If the magnetic field in the simulation box would decay as 1=r 3 , we would not have to use arbitrary and relatively small values for L, and we could consider the plasma to extend to its physical limit, which is either the light cylinder or the length induced from the GW burst duration. The known magnetars have periods P ? of the order of seconds (e.g. [16, 24] ), so that the radius l lc of the light cylinder typically is l lc P ? c=2 5 10 4 km. This distance corresponds to a GW burst duration of 0.2 sec. When setting L l lc , the energy estimate can be considered as a true upper limit for the energy expected to be absorbed in the case of a realistic decay of the magnetic field.
The dash-dotted line in Fig. 8 represents the case L l lc . At r in 5r ? , the energy in the plasma is E pl 1 10 43 erg, which is still less than the energy observed in giant flares, at r in 2r ? , the energy reaches values of the order E pl 2 10 45 erg, which is a typical energy of giant flares, and finally E pl 6 10 46 erg at r in r ? , which corresponds to the energy observed in the most energetic giant flares, and which, by almost 2 orders of magnitude, is less than the energy that is typically released in a short GRB, according to latest estimates (e.g. [14, 16] ). With L l lc , the plasma volume is now larger, it amounts to 210 13 km 3 for r in 5r ? .
C. Discussion
In both kinds of energy estimate, we assume a realistic falloff of the background magnetic field and the GW amplitude outside the interaction volume. In the interaction volume, we had to make the assumption of either constant background magnetic field and GW amplitude in the first energy estimate, or, in the second energy estimate, realistic decay of the GW amplitude ( / 1=r, not imposed, though, but as it naturally appears as the solution of the spherical wave equation) together with a not steep enough decay of the background magnetic field ( / 1=r instead of / 1=r
3 ). In both energy estimates, the assumed length of the interaction volume is an arbitrary free parameter, except for the one case of the decaying magnetic field where L is set equal to the physical limit, the light cylinder radius. In this case, the corresponding energy estimate can be considered as a true upper limit for the absorbed energy, it is though difficult to estimate how close it is as an approximation.
After all, with the assumptions made in mind, we can conclude that the GW plasma interaction in the vicinity of magnetars is an important mechanism that can energize the plasma considerably on short time scales, depositing energy of the order of at least 10 41 erg and may be up to 10 43 erg in the plasma. Given that close to the star the estimated energies are close to but slightly smaller than those observed in giant flares, only the upper limit derived is of the order of the energy seen in the strongest giant flares, we conclude that the GW-plasma interaction mechanism can be the primary energizing mechanism behind giant flares only if, exceptionally, more favoring conditions are met than those assumed here, such as a higher GW frequency, a stronger GW amplitude, a deviation from the 1=r 3 decay of the background magnetic field, etc. We thus cannot exclude that the GW-plasma interaction is the basic mechanism behind giant flares, the energies we find are though not in favor of such a model. That the GW-plasma interaction is also the primary mechanism behind short GRBs is unlikely on the basis of our results, even the upper limit for the absorbed energy is a few orders of magnitude too small.
Our numerical simulations were done for the case of a flat background spacetime, which does not hold in the range r in 2r ? anymore, to which we have extrapolated the energy estimates. The nonflatness of spacetime close to the star, together with the main idealizing assumptions as stated above (the necessarily arbitrary choice of a value for L, either the constant magnetic field or the decaying magnetic field with a not steep enough falloff) imply that our energy estimates must be interpreted with some care; they can be taken though as indicative of the fact that the GWplasma interaction is efficient and is an important mechanism near the star. Also worth mentioning is the uncertainty concerning the actual magnetic topology in the flaring magnetosphere -e.g. the superstrong magnetic field that produces giant flares cannot always be in perfect dipole form-since any deviation from the dipole is likely to intensify the GW-plasma interaction through the enlargement of the possible interaction regions. It thus remains to be seen how far the given numbers will be modified when a more realistic decay (1=r 3 ) of the background magnetic field is used in the simulations and when the curvature of the background spacetime is included. In favor of the model of giant flares on magnetars driven by GWs is that the mechanism has a fast enough time scale, of the order of milliseconds.
VII. CONCLUSION
We derived the equations for the GW-plasma interaction and solved them numerically for the two cases of constant background magnetic field in Cartesian coordinates and radially decaying background magnetic field in spherical coordinates, respectively.
Our results show that strongly magnetized plasmas, with magnetic fields of the order of 10 15 Gauss, are efficient absorbers of GW energy, largely irrespective of the plasma density, and with an absorption time scale of the order of milliseconds. The results concerning the plasma energetics are summarized in the scaling laws of Eq. (45) for the case of constant background magnetic field, and of Eq. (61) for a decaying background magnetic field, and they imply that GWs may be the energy source for secondary, very energetic phenomena.
The excited plasma modes are of the magnetosonic type, with phase velocity that numerically is indiscernible from the speed of light, and no harmonics are found to be excited. The damping of the GWs is still relatively weak, even for the very strong magnetic fields considered here.
In particular, we can conclude that the GW-plasma interaction is an efficient and important mechanism in magnetar atmospheres, most prominently close to the star. Whether it even is the primary mechanism behind giant flares cannot be excluded on the basis of our results; further investigations are needed though to clear this question.
ACKNOWLEDGMENTS
This work was supported by the Greek Ministry of Education through the PYTHAGORAS program. We thank K. Kokkotas, J. Moortgat, D. Papadopoulos, N. Stergioulas, and J. Ventura for helpful discussions.
